
Îñíîâíûå òåîðåìû î äèôôåðåíöèðóåìûõ ôóíêöèÿõ.

Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà â îêðåñòíîñòè òî÷êè c.

Îïðåäåëåíèå 1. Ôóíêöèÿ y = f(x) âîçðàñòàåò â òî÷êå c, åñëè íàéäåòñÿ òàêîå ÷èñëî
δ > 0, ÷òî f(x) < f(c) ïðè âñåõ x ∈ (c − δ, c) è f(x) > f(c) ïðè âñåõ x ∈ (c, c + δ). f(x)
óáûâàåò â òî÷êå c, åñëè íàéäåòñÿ òàêîå ÷èñëî δ > 0, ÷òî f(x) > f(c) ïðè âñåõ x ∈ (c−δ, c)
è f(x) < f(c) ïðè âñåõ x ∈ (c, c+ δ).

Îïðåäåëåíèå 2. Ôóíêöèÿ y = f(x) èìååò â òî÷êå c ëîêàëüíûé ìàêñèìóì (ìèíèìóì),
åñëè íàéäåòñÿ òàêîå ÷èñëî δ > 0, ÷òî f(x) 6 f(c) (f(x) > f(c)) ïðè âñåõ x ∈ Bδ(c).

Åñëè ôóíêöèÿ f(x) èìååò â òî÷êå c ëîêàëüíûé ìàêñèìóì èëè ìèíèìóì, òî ãîâîðÿò,
÷òî îíà èìååò â ýòîé òî÷êå ëîêàëüíûé ýêñòðåìóì.

Òåîðåìà 1. (Äîñòàòî÷íîå óñëîâèå âîçðàñòàíèÿ (óáûâàíèÿ) ôóíêöèè â òî÷êå).
Åñëè ôóíêöèÿ f(x) äèôôåðåíöèðóåìà â òî÷êå c è f ′(c) > 0 (f ′(c) < 0), òî f(x) âîçðàñòàåò
(óáûâàåò) â òî÷êå c.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñëó÷àé f ′(c) > 0 (ñëó÷àé f ′(c) < 0 ðàññìàòðèâàåòñÿ àíàëî-

ãè÷íî). Ïîñêîëüêó ïî îïðåäåëåíèþ f ′(c) = lim
x→c

f(x)− f(c)

x− c
, òî äëÿ ëþáîãî âåùåñòåííîãî

ε > 0 íàéäåòñÿ òàêîå δ > 0, ÷òî ïðè âñåõ çíà÷åíèÿõ x èç δ−îêðåñòíîñòè òî÷êè c áóäåò
âûïîëíåíî: ∣∣∣∣f(x)− f(c)

x− c
− f ′(c)

∣∣∣∣ < ε.

Âûáåðåì ε = f ′(c), òîãäà äëÿ ëþáîãî x ∈
◦
Bδ(c) áóäåò âåðíî: 0 <

f(x)− f(c)

x− c
< 2f ′(c).

Òàê êàê
f(x)− f(c)

x− c
> 0, òî èç ïîñëåäíåãî íåðàâåíñòâà âûòåêàåò, ÷òî f(x) < f(c) ïðè âñåõ

x ∈ (c− δ, c) è f(x) > f(c) ïðè âñåõ x ∈ (c, c+ δ), òî åñòü ôóíêöèÿ f(x) âîçðàñòàåò â òî÷êå
c.

Ïðèìåð 1. 1) Ðàññìîòðèì ôóíêöèþ y = sinx. y′(0) = 1, ñëåäîâàòåëüíî, ôóíêöèÿ âîç-
ðàñòàåò â òî÷êå x = 0.

2) Ðàññìîòðèì òåïåðü ôóíêöèþ y = sin3 x. y′(0) = 3 sin2 x · cosx|x=0 = 0, òåì íå ìåíåå
ôóíêöèÿ âîçðàñòàåò â òî÷êå x = 0. Âèäèì, ÷òî óñëîâèå òåîðåìû ÿâëÿåòñÿ äîñòàòî÷-
íûì, íî íå íåîáõîäèìûì.

Òåîðåìà 2. (Íåîáõîäèìîå óñëîâèå ëîêàëüíîãî ýêñòðåìóìà äèôôåðåíöèðóåìîé
ôóíêöèè). Åñëè ôóíêöèÿ y = f(x) äèôôåðåíöèðóåìà â òî÷êå c è èìååò â ýòîé òî÷êå
ëîêàëüíûé ýêñòðåìóì, òî f ′(c) = 0.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî f ′(c) > 0 (f ′(c) < 0). Òîãäà ôóíêöèÿ f(x) âîçðàñòàåò
(óáûâàåò) â òî÷êå c. Íî ïî óñëîâèþ îíà èìååò â ýòîé òî÷êå ýêñòðåìóì. Ìû ïðèøëè ê
ïðîòèâîðå÷èþ; ñëåäîâàòåëüíî, íàøå ïðåäïîëîæåíèå íåâåðíî è f ′(c) = 0.

Ïðèìåð 2. 1) Ðàññìîòðèì ôóíêöèþ y = cosx. Â òî÷êå x = 0 èìååò ëîêàëüíûé ìàêñè-
ìóì; f ′(0) = 0.
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2) Ðàññìîòðèì òåïåðü ôóíêöèþ y = x3. y′(0) = 0, Íî ýêñòðåìóìà â òî÷êå x = 0 íåò.
Âèäèì, ÷òî óñëîâèå òåîðåìû ÿâëÿåòñÿ íåîáõîäèìûì, íî íå äîñòàòî÷íûì.

3) Ó ôóíêöèè y = |x| ïðîèçâîäíàÿ â òî÷êå x = 0 íå ñóùåñòâóåò, õîòÿ ýòî òî÷êà
ëîêàëüíîãî ìèíèìóìà (â ñëó÷àå íåäèôôåðåíöèðóåìûõ ôóíêöèé òåîðåìó ïðèìåíÿòü íå
ìîæåì).

Áóäåì òåïåðü ðàññìàòðèâàòü ôóíêöèþ f(x), îïðåäåëåííóþ íà ñåãìåíòå [a, b].

Òåîðåìà 3. (Ðîëëü). Ïóñòü ôóíêöèÿ y = f(x): 1) íåïðåðûâíà íà ñåãìåíòå [a, b]; 2) äèô-
ôåðåíöèðóåìà íà èíòåðâàëå (a, b); 3) f(a) = f(b). Òîãäà íàéäåòñÿ òàêàÿ òî÷êà ξ ∈ (a, b),
÷òî f ′(ξ) = 0.

Äîêàçàòåëüñòâî. Òàê êàê f(x) íåïðåðûâíà íà ñåãìåíòå [a, b], òî îíà äîñòèãàåò íà íåì
ñâîèõ òî÷íîé âåðõíåé è íèæíåé ãðàíåé (âòîðàÿ òåîðåìà Âåéåðøòðàññà). Îáîçíà÷èì
m = inf

a6x6b
f(x) = f(x1), M = sup

a6x6b
f(x) = f(x2), x1, x2 ∈ [a, b].

Çàìåòèì, ÷òî, åñëè m = M , òî f(x) ≡ m = M íà [a, b]. Â ýòîì ñëó÷àå f ′(x) = 0 ïðè âñåõ
x ∈ (a, b). Ïóñòü òåïåðü m < M . Åñëè f(a) = m èëè f(b) = m, òî x2 ∈ (a, b) (ïîñêîëüêó
f(a) = f(b)). Çíà÷èò, â òî÷êå x2 ôóíêöèÿ f(x) èìååò ëîêàëüíûé ìàêñèìóì, ñëåäîâàòåëüíî,
f ′(x2) = 0. Àíàëîãè÷íî, åñëè f(a) = M èëè f(b) = M , òî x1 ∈ (a, b) è â òî÷êå x1 ôóíêöèÿ
f(x) èìååò ëîêàëüíûé ìèíèìóì, ñëåäîâàòåëüíî, f ′(x1) = 0. Îñòàëñÿ òîëüêî ñëó÷àé, êîãäà
x1, x2 ∈ (a, b). Â ýòîì ñëó÷àå f ′(x1) = f ′(x2) = 0.

Ã åîìåòðè÷åñêèé ñìûñë òåîðåìû Ðîëëÿ çàêëþ÷àåòñÿ â ñëåäóþùåì: ïðè âûïîëíåíèè âñåõ
óñëîâèé òåîðåìû íà êðèâîé y = f(x), a < x < b, íàéäåòñÿ òî÷êà, êàñàòåëüíàÿ â êîòîðîé
áóäåò ïàðàëëåëüíà îñè àáñöèññ.

Çàìåòèì, ÷òî â ñëó÷àå íàðóøåíèÿ õîòÿ áû îäíîãî èç òðåõ óñëîâèé òåîðåìû åå çàêëþ-
÷åíèå, âîîáùå ãîâîðÿ, ïåðåñòàåò áûòü âåðíûì. Ïðèâåäåì ñîîòâåòñòâóþùèå ïðèìåðû.

Ïðèìåð 3. 1) Ôóíêöèÿ f(x) =

{
x, 0 6 x < 1,

0, x = 1
óäîâëåòâîðÿåò óñëîâèÿì 2 è 3 òåîðå-

ìû, íî íå ÿâëÿåòñÿ íåïðåðûâíîé íà ñåãìåíòå [0, 1]. Î÷åâèäíî, ÷òî âñþäó íà èíòåðâàëå
(0, 1) f ′(x) = 1 6= 0.

2) Ôóíêöèÿ f(x) = |x| óäîâëåòâîðÿåò óñëîâèÿì 1 è 3 íà ñåãìåíòå [−1, 1], íî íå ÿâëåòñÿ
äèôôåðåíöèðóåìîé íà èíòåðâàëå (−1, 1) (íå ñóùåñòâóåò ïðîèçâîäíàÿ â òî÷êå x = 0). Ïðè
−1 < x < 0 f ′(x) = −1; ïðè 0 < x < 1 f ′(x) = 1.

3) Ôóíêöèÿ f(x) = x óäîâëåòâîðÿåò óñëîâèÿì 2 è 3 íà èíòåðâàëå (0, 1), íî f(0) 6= f(1)
è f ′(x) = 1 ïðè âñåõ x ∈ (0, 1).

Òåîðåìà 4. (Ëàãðàíæ). Ïóñòü ôóíêöèÿ y = f(x): 1) íåïðåðûâíà íà ñåãìåíòå [a, b]; 2)
äèôôåðåíöèðóåìà íà èíòåðâàëå (a, b). Òîãäà íàéäåòñÿ òàêàÿ òî÷êà ξ ∈ (a, b), ÷òî

f(b)− f(a) = f ′(ξ)(b− a). (1)

Äîêàçàòåëüñòâî. Ââåäåì âñïîìîãàòåëüíóþ ôóíêöèþ F (x) = f(x)−f(a)−f(b)− f(a)

b− a
(x−a).

Çàìåòèì, ÷òî ýòà ôóíêöèÿ òàêæå íåïðåðûâíà íà ñåãìåíòå [a, b] è äèôôåðåíöèðóåìà íà
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èíòåðâàëå (a, b) (ïîñêîëüêó ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ êîìáèíàöèþ ôóíêöèè f(x) è

ëèíåéíîé ôóíêöèè). Çàìåòèì òàêæå, ÷òî F (a) = f(a) − f(a) − f(b)− f(a)

b− a
(a − a) = 0;

F (b) = f(b) − f(a) − f(b)− f(a)

b− a
(b − a) = 0. Çíà÷èò, ôóíêöèÿ F (x) óäîâëåòâîðÿåò íà

ñåãìåíòå [a, b] âñåì óñëîâèÿì òåîðåìû Ðîëëÿ; ñëåäîâàòåëüíî, íà èíòåðâàëå (a, b) åñòü

òàêàÿ òî÷êà ξ, ÷òî F ′(ξ) = 0. Ñ äðóãîé ñòîðîíû, F ′(ξ) = f ′(ξ) − f(b)− f(a)

b− a
. Ïîëó÷àåì,

÷òî f(b)− f(a) = f ′(ξ)(b− a).

Ã åîìåòðè÷åñêèé ñìûñë òåîðåìû Ëàãðàíæà: ïðè âûïîëíåíèè âñåõ óñëîâèé òåîðåìû íà
êðèâîé y = f(x), a < x < b, íàéäåòñÿ òî÷êà, êàñàòåëüíàÿ â êîòîðîé áóäåò ïàðàëëåëüíà
ñåêóùåé, ïðîõîäÿùåé ÷åðåç òî÷êè A(a, f(a)) è B(b, f(b)).

Çàìå÷àíèå 1. Ôîðìóëó (1) ÷àñòî íàçûâàþò ôîðìóëîé Ëàãðàíæà èëè ôîðìóëîé êîíå÷íûõ

ïðèðàùåíèé. Åñëè ïîëîæèòü â íåé a = x0, b = x0 +∆x, òî (1) ìîæíî ïåðåïèñàòü â âèäå:

∆f = f(x0 + ∆x)− f(x0) = f ′(x0 + θ ·∆x) ·∆x, 0 < θ < 1.

Ñëåäñòâèå 1. Åñëè ôóíêöèÿ f(x) äèôôåðåíöèðóåìà íà èíòåðâàëå (a, b) è f ′(x) = 0 ïðè
âñåõ x ∈ (a, b), òî f(x) ≡ const íà (a, b).

Äîêàçàòåëüñòâî. Ïóñòü òî÷êà x0 ∈ (a, b). Âîçüìåì ïðîèçâîëüíîå x ∈ (a, b) (ïóñòü äëÿ
îïðåäåëåííîñòè x > x0). Òîãäà f(x) äèôôåðåíöèðóåìà íà [x0, x], ñëåäîâàòåëüíî, íåïðå-
ðûâíà íà ýòîì ñåãìåíòå. Òîãäà ïî òåîðåìå Ëàãðàíæà íàéäåòñÿ òàêàÿ òî÷êà ξ ∈ (x0, x), ÷òî
f(x)−f(x0) = f ′(ξ)(x−x0) = 0, òî åñòü f(x) = f(x0). Â ñèëó ïðîèçâîëüíîñòè âûáîðà òî÷êè
x ïîëó÷àåì, ÷òî f(x) = f(x0) ïðè âñåõ x ∈ (a, b), òî åñòü f(x) ≡ const íà (a, b).

Ñëåäñòâèå 2. Ïóñòü ôóíêöèÿ f(x) äèôôåðåíöèðóåìà íà èíòåðâàëå (a, b). Òîãäà

1) f(x) íå óáûâàåò (íå âîçðàñòàåò) íà (a, b) òîãäà è òîëüêî òîãäà, êîãäà f ′(x) > 0
(f ′(x) 6 0) ïðè âñåõ x ∈ (a, b);

2) Åñëè f ′(x) > 0 (f ′(x) < 0) ïðè âñåõ x ∈ (a, b), òî f(x) âîçðàñòàåò (óáûâàåò) íà
(a, b).

Äîêàçàòåëüñòâî. 1) Íåîáõîäèìîñòü. Ïóñòü f(x) íå óáûâàåò íà (a, b). Ïðåäïîëîæèì, ÷òî
ñóùåñòâóåò òàêàÿ òî÷êà x1 ∈ (a, b), ÷òî f ′(x1) < 0. Òîãäà f(x) óáûâàåò â òî÷êå x1 (äîñòà-
òî÷íîå óñëîâèå óáûâàíèÿ ôóíêöèè â òî÷êå). Çíà÷èò, íàéäåòñÿ òî÷êà x2 > x1, äëÿ êîòîðîé
áóäåò âûïîëíåíî íåðàâåíñòâî f(x2) < f(x1). Íî ýòî ïðîòèâîðå÷èò òîìó, ÷òî ôóíêöèÿ
f(x) ÿâëÿåòñÿ íåóáûâàþùåé. Çíà÷èò, íàøå ïðåäïîëîæåíèå íåâåðíî è f ′(x) > 0 ïðè âñåõ
x ∈ (a, b).

Äîñòàòî÷íîñòü. Ïóñòü f ′(x) > 0 ïðè âñåõ x ∈ (a, b). Âûáåðåì òî÷êè x1, x2 ∈ (a, b),
x1 < x2. Çàìåòèì, ÷òî ôóíêöèÿ f(x) íåïðåðûâíà è äèôôåðåíöèðóåìà íà ñåãìåí-
òå [x1, x2], çíà÷èò, ïî òåîðåìå Ëàãðàíæà, íàéäåòñÿ òàêàÿ òî÷êà ξ ∈ (x1, x2), ÷òî
f(x2)− f(x1) = f ′(ξ)(x2 − x1). Òàê êàê f ′(ξ) > 0, x2 − x1 > 0, òî è ëåâàÿ ÷àñòü ïîñëåäíåãî
ðàâåíñòâà íåîòðèöàòåëüíà. Ýòî îçíà÷àåò, ÷òî f(x2) > f(x1), åñëè òîëüêî x1 < x2, òî åñòü
ôóíêöèÿ f(x) íå óáûâàåò íà (a, b).
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2)Ïóñòü f ′(x) > 0 ïðè âñåõ x ∈ (a, b). Âûáåðåì òî÷êè x1, x2 ∈ (a, b), x1 < x2. Ïîñêîëü-
êó f(x) íåïðåðûâíà è äèôôåðåíöèðóåìà íà ñåãìåíòå [x1, x2], òî ïî òåîðåìå Ëàãðàíæà,
íàéäåòñÿ òàêàÿ òî÷êà ξ ∈ (x1, x2), ÷òî f(x2) − f(x1) = f ′(ξ)(x2 − x1). Òàê êàê f ′(ξ) > 0,
x2 − x1 > 0, òî è ëåâàÿ ÷àñòü ïîñëåäíåãî ðàâåíñòâà ñòðîãî ïîëîæèòåëüíà. Ýòî îçíà÷àåò,
÷òî f(x2) > f(x1), åñëè òîëüêî x1 < x2, òî åñòü ôóíêöèÿ f(x) âîçðàñòàåò íà (a, b).

Çàìå÷àíèå 2. Óñëîâèå f ′(x) > 0 ïðè âñåõ x ∈ (a, b) íå ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì
âîçðàñòàíèÿ ôóíêöèè íà èíòåðâàëå (a, b). Äåéñòâèòåëüíî, ôóíêöèÿ f(x) = x3, íàïðèìåð,
âîçðàñòàåò íà (−1, 1), íî f ′(0) = 0.

Ñëåäñòâèå 3. Ïóñòü ôóíêöèÿ f(x) äèôôåðåíöèðóåìà íà èíòåðâàëå (a, b) (êîíå÷íîì èëè
áåñêîíå÷íîì) è åå ïðîèçâîäíàÿ îãðàíè÷åíà íà ýòîì èíòåðâàëå åäèíîé êîíñòàíòîé. Òîãäà
ôóíêöèÿ f ðàâíîìåðíî íåïðåðûâíà íà (a, b).

Äîêàçàòåëüñòâî. Ïóñòü f äèôôåðåíöèðóåìà íà èíòåðâàëå (a, b) è ñóùåñòâóåò C > 0, ò.÷.
|f ′(x)| 6 C ïðè âñåõ x ∈ (a, b). Âîçüìåì ε > 0. Òîãäà íàéäåòñÿ δ = ε/C > 0, òàêîå, ÷òî äëÿ
ëþáûõ x′, x′′ ∈ (a, b), |x′ − x′′| < δ, èìååò ìåñòî îöåíêà

|f(x′)− f(x′′)| = |f ′(ξ)(x′ − x′′)| 6 C|x′ − x′′| < Cδ = ε.

Ýòî è îçíà÷àåò, ÷òî ôóíêöèÿ f ðàâíîìåðíî íåïðåðûâíà íà (a, b).

Ñëåäñòâèå 4. Ïóñòü ôóíêöèÿ f(x) äèôôåðåíöèðóåìà íà èíòåðâàëå (a, b). Òîãäà åå ïðîèç-
âîäíàÿ f ′(x) íå ìîæåò èìåòü íà ýòîì èíòåðâàëå íè óñòðàíèìûõ ðàçðûâîâ, íè ðàçðûâîâ
ïåðâîãî ðîäà.

Äîêàçàòåëüñòâî. Ïóñòü òî÷êà c Ïðèíàäëåæèò èíòåðâàëó (a, b) è â ýòîé òî÷êå ôóíêöèÿ
f ′(x) èìååò êîíå÷íûå îäíîñòîðîííèå ïðåäåëû: l1 = lim

x→c−0
f ′(x) è l2 = lim

x→c+0
f ′(x). Âîçüìåì

ïðîèçâîëüíóþ òî÷êó x ∈ (a, b), x > c. Òàê êàê f(x) íåïðåðûâíà è äèôôåðåíöèðóåìà íà

ñåãìåíòå [c, x], òî íàéäåòñÿ òàêàÿ òî÷êà ξ ∈ (c, x), ÷òî
f(x)− f(c)

x− c
= f ′(ξ). Çíà÷èò,

f ′(c) = lim
x→c+0

f(x)− f(c)

x− c
= lim

x→c+0
f ′(ξ) = l2

(ïðåäåë ïðàâîé ÷àñòè ñóùåñòâóåò, ïîñêîëüêó ñóùåñòâóåò ïðåäåë ëåâîé ÷àñòè). Àíàëîãè÷íî
f ′(c) = l1. Çíà÷èò, ôóíêöèÿ f(x) íåïðåðûâíà â òî÷êå c.

Ïðèìåð 4. Ðàçðûâû âòîðîãî ðîäà ïðîèçâîäíàÿ äèôôåðåíöèðóåìîé ôóíêöèè èìåòü ìî-

æåò. Íàïðèìåð, ðàññìîòðèì ôóíêöèþ f(x) =

x2 sin
1

x
, x 6= 0,

0, x = 0.
Îíà íåïðåðûâíà è

äèôôåðåíöèðóåìà íà èíòåðâàëå (−1, 1); åå ïðîèçâîäíàÿ f ′(x) èìååò â òî÷êå x = 0 ðàçðûâ
âòîðîãî ðîäà (ïðîâåðüòå ýòî ñàìîñòîÿòåëüíî).
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Òåîðåìà 5. (Êîøè). Ïóñòü ôóíêöèè f(x) è g(x) íåïðåðûâíû íà ñåãìåíòå [a, b]; äèôôå-
ðåíöèðóåìû íà èíòåðâàëå (a, b), ïðè÷åì g′(x) 6= 0 äëÿ ëþáîãî x ∈ (a, b). Òîãäà íàéäåòñÿ
òàêàÿ òî÷êà ξ ∈ (a, b), ÷òî

f(b)− f(a)

g(b)− g(a)
=
f ′(ξ)

g′(ξ)
. (2)

Äîêàçàòåëüñòâî. Ïîêàæåì ñíà÷àëà, ÷òî g(a) 6= g(b). Äåéñòâèòåëüíî, åñëè g(a) = g(b),
òî ôóíêöèÿ g(x) óäîâëåòâîðÿåò âñåì óñëîâèÿì òåîðåìû Ðîëëÿ. Çíà÷èò, ñóùåñòâóåò òàêàÿ
òî÷êà ζ ∈ (a, b), ÷òî g′(ζ) = 0, íî ïî óñëîâèþ g′(x) 6= 0 ïðè âñåõ x ∈ (a, b).

Ââåäåì òåïåðü âñïîìîãàòåëüíóþ ôóíêöèþ F (x) = f(x)−f(a)− f(b)− f(a)

g(b)− g(a)
(g(x)−g(a)).

Îíà íåïðåðûâíà íà ñåãìåíòå [a, b] è äèôôåðåíöèðóåìà íà èíòåðâàëå (a, b) (êàê ëèíåéíàÿ
êîìáèíàöèÿ ôóíêöèé f(x) è g(x)). Êðîìå òîãî, F (a) = F (b) = 0. Çíà÷èò, ñîãëàñíî òåîðåìå
Ðîëëÿ, ñóùåñòâóåò òàêàÿ òî÷êà ξ ∈ (a, b), ÷òî

0 = F ′(ξ) = f ′(ξ)− f(b)− f(a)

g(b)− g(a)
g′(ξ).

Òàê êàê g′(ξ) 6= 0, òî ïîëó÷àåì, ÷òî
f ′(ξ)

g′(ξ)
=
f(b)− f(a)

g(b)− g(a)
.

Çàìå÷àíèå 3. Ôîðìóëà (2) íàçûâàåòñÿ îáîáùåííîé ôîðìóëîé êîíå÷íûõ ïðèðàùåíèé èëè
ôîðìóëîé Êîøè. Ôîðìóëà Ëàãðàíæà ÿâëÿåòñÿ åå ÷àñòíûì ñëó÷àåì ïðè g(x) = x. Ãåîìåò-
ðè÷åñêèé ñìûñë òåîðåìû Êîøè çàêëþ÷àåòñÿ â ñëåäóþùåì: åñëè ðàññìîòðåòü ïàðàìåò-
ðè÷åñêè çàäàííóþ êðèâóþ x = g(t), y = f(t), òî ïðè âûïîëíåíèè óñëîâèé òåîðåìû íà
îòðåçêå ìåæäó g(a) è g(b) íàéäåòñÿ òî÷êà ξ, êàñàòåëüíàÿ â êîòîðîé ïàðàëëåëüíà õîðäå,
ñîåäèíÿþùåé òî÷êè ñ êîîðäèíàòàìè (g(a), f(a)) è (g(b), f(b)).

Ðàñêðûòèå íåîïðåäåëåííîñòåé.

Îïðåäåëåíèå 3. Ãîâîðÿò, ÷òî îòíîøåíèå äâóõ ôóíêöèé
f(x)

g(x)
ïðåäñòàâëÿåò ñîáîé

íåîïðåäåëåííîñòü âèäà
0

0
ïðè x→ a, åñëè lim

x→a
f(x) = lim

x→a
g(x) = 0.

Àíàëîãè÷íî ìîæíî îïðåäåëèòü íåîïðåäåëåííîñòü âèäà
0

0
ïðè x → a − 0, x → a + 0,

x→∞, x→ ±∞.

Òåîðåìà 6. Ïóñòü 1) ôóíêöèè f(x) è g(x) îïðåäåëåíû è äèôôåðåíöèðóåìû íà èí-
òåðâàëå (a − δ, a) äëÿ íåêîòîðîãî δ > 0; 2) g′(x) 6= 0 ïðè âñåõ x ∈ (a − δ, a); 3)

lim
x→a−0

f(x) = lim
x→a−0

g(x) = 0; 4) ñóùåñòâóåò ïðåäåë lim
x→a−0

f ′(x)

g′(x)
= A (A ∈ R èëè A = ∞).

Òîãäà ñóùåñòâóåò è ïðåäåë lim
x→a−0

f(x)

g(x)
= A.
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Äîêàçàòåëüñòâî. Ïîëîæèì f(a) = g(a) = 0. Ïóñòü {xn} � ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü,
òàêàÿ, ÷òî xn → a Ïðè n → +∞, xn < a. Òîãäà ñóùåñòâóåò òàêîé íàòóðàëüíûé íîìåð
N , ÷òî xn ∈ (a − δ, a) ïðè âñåõ n > N . Ðàññìîòðèì ñåãìåíò [xn, a], n > N . Ôóíêöèè
f(x) è g(x) íåïðåðûâíû íà íåì (ïîñêîëüêó lim

x→a−0
f(x) = lim

x→a−0
g(x) = f(a) = g(a) = 0)

è äèôôåðåíöèðóåìû íà èíòåðâàëå (xn, a); êðîìå òîãî, g′(x) 6= 0 äëÿ ëþáîãî x ∈ (xn, a).

Çíà÷èò, ñóùåñòâóåò òàêàÿ òî÷êà ξn ∈ (xn, a), ÷òî
f(xn)− f(a)

g(xn)− g(a)
=
f ′(ξn)

g′(ξn)
(òåîðåìà Êîøè).

Òàê êàê f(a) = g(a) = 0, òî èç ïîñëåäíåãî ñîòíîøåíèÿ ïîëó÷àåì, ÷òî
f(xn)

g(xn)
=

f ′(ξn)

g′(ξn)
.

Çàìåòèì òåïåðü, ÷òî ξn → a ïðè n → +∞ (òàê êàê xn < ξn < a è lim
n→+∞

xn = a). Îòñþäà

ñëåäóåò, ÷òî lim
n→+∞

f ′(ξn)

g′(ξn)
= A (îïðåäåëåíèå ïðåäåëà ôóíêöèè ïî Ãåéíå). Íî ýòî îçíà÷àåò,

÷òî ñóùåñòâóåò lim
n→+∞

f(xn)

g(xn)
= A. Â ñèëó ïðîèçâîëüíîñòè âûáîðà ïîñëåäîâàòåëüíîñòè {xn}

è îïðåäåëåíèÿ ïðåäåëà ôóíêöèè ïî Ãåéíå ïîëó÷àåì, ÷òî lim
x→a−0

f(x)

g(x)
= A.

Ñîâåðøåííî àíàëîãè÷íî ìîæíî äîêàçàòü ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 7. Ïóñòü 1) ôóíêöèè f(x) è g(x) îïðåäåëåíû è äèôôåðåíöèðóåìû íà èí-
òåðâàëå (a, a + δ) äëÿ íåêîòîðîãî δ > 0; 2) g′(x) 6= 0 ïðè âñåõ x ∈ (a, a + δ); 3)

lim
x→a+0

f(x) = lim
x→a+0

g(x) = 0; 4) ñóùåñòâóåò ïðåäåë lim
x→a+0

f ′(x)

g′(x)
= A (A ∈ R èëè A = ∞).

Òîãäà ñóùåñòâóåò è ïðåäåë lim
x→a+0

f(x)

g(x)
= A.

Èç äâóõ ïðèâåäåííûõ âûøå òåîðåì íåìåäëåííî âûòåêàåò

Ñëåäñòâèå. (Ïåðâîå ïðàâèëî Ëîïèòàëÿ). Ïóñòü 1) ôóíêöèè f(x) è g(x) îïðåäåëåíû

è äèôôåðåíöèðóåìû íà ìíîæåñòâå
◦
Bδ(a) äëÿ íåêîòîðîãî δ > 0; 2) g′(x) 6= 0 ïðè âñåõ

x ∈
◦
Bδ(a); 3) lim

x→a
f(x) = lim

x→a
g(x) = 0; 4) ñóùåñòâóåò ïðåäåë lim

x→a

f ′(x)

g′(x)
= A (A ∈ R èëè

A =∞). Òîãäà ñóùåñòâóåò è ïðåäåë lim
x→a

f(x)

g(x)
= A.

Îïðåäåëåíèå 4. Ãîâîðÿò, ÷òî îòíîøåíèå äâóõ ôóíêöèé
f(x)

g(x)
ïðåäñòàâëÿåò ñîáîé

íåîïðåäåëåííîñòü âèäà
∞
∞

ïðè x → a, åñëè f(x) → ∞ (±∞), x → a; g(x) → ∞ (±∞),
x→ a.

Àíàëîãè÷íî ìîæíî îïðåäåëèòü íåîïðåäåëåííîñòü âèäà
∞
∞

ïðè x → a − 0, x → a + 0,

x→∞, x→ ±∞.

Òåîðåìà 8. Ïóñòü 1) ôóíêöèè f(x) è g(x) îïðåäåëåíû è äèôôåðåíöèðóåìû íà èíòåðâàëå
(a − δ, a) äëÿ íåêîòîðîãî δ > 0; 2) g′(x) 6= 0 ïðè âñåõ x ∈ (a − δ, a); 3) lim

x→a−0
f(x) = ∞,

6



lim
x→a−0

g(x) = ∞; 4) ñóùåñòâóåò ïðåäåë lim
x→a−0

f ′(x)

g′(x)
= A (A ∈ R èëè A = ∞). Òîãäà

ñóùåñòâóåò è ïðåäåë lim
x→a−0

f(x)

g(x)
= A.

Äîêàçàòåëüñòâî. 1) Ïóñòü ñíà÷àëà A ∈ R. Òàê êàê lim
x→a−0

f(x) = ∞, lim
x→a−0

g(x) = ∞, òî,

íå îãðàíè÷èâàÿ îáùíîñòè, ìîæåì ñ÷èòàòü, ÷òî f(x) 6= 0, g(x) 6= 0 ïðè âñåõ x ∈ (a − δ, a).
Ïóñòü {xn} � ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü, òàêàÿ, ÷òî xn → a ïðè n → +∞, xn < a.
Òîãäà ñóùåñòâóåò òàêîé íàòóðàëüíûé íîìåð N = N(δ), ÷òî xn ∈ (a− δ, a) ïðè âñåõ n > N .
Âûáåðåì íàòóðàëüíûå ÷èñëà m, n, òàêèå, ÷òî N 6 m < n, è ðàññìîòèðì ñåãìåíò, çàêëþ-
÷åííûé ìåæäó òî÷êàìè xm è xn. Ôóíêöèè f(x) è g(x) íåïðåðûâíû è äèôôåðåíöèðóåìû
íà ýòîì ñåãìåíòå, ïðè÷åì g′(x) 6= 0 íà íåì. Çíà÷èò, ïî òåîðåìå Êîøè, íà ñîîòâåòñòâóþùåì
èíòåðâàëå íàéäåòñÿ òàêàÿ òî÷êà ξmn, ÷òî

f ′(ξmn)

g′(ξmn)
=
f(xn)− f(xm)

g(xn)− g(xm)
=
f(xn)

g(xn)
· 1− f(xm)/f(xn)

1− g(xm)/g(xn)

(ìîæåì äåëèòü íà f(xn) è g(xn), ïîñêîëüêó ýòè âûðàæåíèÿ îòëè÷íû îò íóëÿ). Îòñþäà
ïîëó÷àåì, ÷òî (åñëè f(xn) 6= f(xm))

f(xn)

g(xn)
=
f ′(ξmn)

g′(ξmn)
· 1− g(xm)/g(xn)

1− f(xm)/f(xn)
.

Çàôèêñèðóåì òåïåðü ïðîèçâîëüíîå ε > 0. Ïîñêîëüêó lim
x→a−0

f ′(x)

g′(x)
= A, òî íàéäåòñÿ òàêîå

δ1 = δ1(ε) ∈ (0, δ), ÷òî íåðàâåíñòâî

∣∣∣∣f ′(x)

g′(x)
− A

∣∣∣∣ < ε

2
áóäåò âûïîëåíî ïðè âñåõ x ∈ (a− δ1, a).

Äàëåå, òàê êàê xn → a ïðè n → +∞, xn < a, òî ñóùåñòâóåò òàêîå íàòóðàëüíîå ÷èñëî M ,
M > N , ÷òî xn ∈ (a− δ1, a) ïðè âñåõ n >M . Çíà÷èò, äëÿ ëþáîãî n > M áóäåò âûïîëíåíî∣∣∣∣f ′(ξMn)

g′(ξMn)
− A

∣∣∣∣ < ε

2
(3)

(òàê êàê òî÷êà ξMn ëåæèò ìåæäó xM È xn, à xM , xn ∈ (a− δ1, a)).

Òåïåðü ðàññìîòðèì âûðàæåíèå
1− g(xM)/g(xn)

1− f(xM)/f(xn)
. Ïîñêîëüêó lim

n→+∞
f(xn) = ∞,

lim
n→+∞

g(xn) = ∞, òî lim
n→+∞

1− g(xM)/g(xn)

1− f(xM)/f(xn)
= 1. Çíà÷èò, íàéäåòñÿ òàêîé íàòóðàëüíûé

íîìåð K, K > M , ÷òî ïðè âñåõ n > K áóäåò ñïðàâåäëèâà îöåíêà:∣∣∣∣ 1− g(xM)/g(xn)

1− f(xM)/f(xn)
− 1

∣∣∣∣ < ε/2

|A|+ ε/2
(4)

(òàê êàê lim
n→+∞

f(xn) = ∞, òî ìîæåì ñ÷èòàòü, ÷òî f(xn) 6= f(xM), òî åñòü çíàìåíàòåëü

â ëåâîé ÷àñòè íåðàâåíñòâà íå îáðàùàåòñÿ â 0). Îêîí÷àòåëüíî ïîëó÷àåì, ÷òî äëÿ ëþáîãî
ε > 0 ñóùåñòâóåò òàêîå íàòóðàëüíîå ÷èñëî K = K(ε), ÷òî ïðè âñåõ n > K âûïîëíåíî:∣∣∣∣f(xn)

g(xn)
− A

∣∣∣∣ =

∣∣∣∣f ′(ξMn)

g′(ξMn)
· 1− g(xM)/g(xn)

1− f(xM)/f(xn)
− A

∣∣∣∣ 6 ∣∣∣∣f ′(ξMn)

g′(ξMn)

∣∣∣∣ · ∣∣∣∣ 1− g(xM)/g(xn)

1− f(xM)/f(xn)
− 1

∣∣∣∣+
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+

∣∣∣∣f ′(ξMn)

g′(ξMn)
− A

∣∣∣∣ < (ε2 + |A|
)
· ε/2

|A|+ ε/2
+
ε

2
= ε

(âîñïîëüçîâàëèñü îöåíêàìè (3) è (4)). Ýòî îçíà÷àåò, ÷òî lim
n→+∞

f(xn)

g(xn)
= A, îòêóäà, â ñèëó

ïðîèçâîëüíîñòè âûáîðà ïîñëåäîâàòåëüíîñòè {xn}, âûòåêàåò, ÷òî lim
x→a−0

f(x)

g(x)
= A.

2) Ïóñòü òåïåðü lim
x→a−0

f ′(x)

g′(x)
= ∞. Òîãäà lim

x→a−0

g′(x)

f ′(x)
= 0. Ïîñêîëüêó lim

x→a−0

f ′(x)

g′(x)
= ∞,

òî ñóùåñòâóåò òàêîå ÷èñëî δ1 ∈ (0, δ), ÷òî |f ′(x)| > |g′(x)| äëÿ ëþáîãî x ∈ (a − δ1, a). Íî
g′(x) 6= 0 ïðè âñåõ x ∈ (a − δ1, a), ñëåäîâàòåëüíî, è f ′(x) 6= 0 ïðè âñåõ x ∈ (a − δ1, a).

Çíà÷èò, ìîæåì ïðèìåíèòü ðàññóæäåíèÿ ïóíêòà 1 ê îòíîøåíèþ
g(x)

f(x)
è ïîëó÷èòü, ÷òî

lim
x→a−0

g(x)

f(x)
= 0. Íî ýòî è îçíà÷àåò, ÷òî lim

x→a−0

f(x)

g(x)
=∞.

Àíàëîãè÷íî äîêàçûâàåòñÿ

Òåîðåìà 9. Ïóñòü 1) ôóíêöèè f(x) è g(x) îïðåäåëåíû è äèôôåðåíöèðóåìû íà èíòåðâàëå
(a, a+ delta) äëÿ íåêîòîðîãî δ > 0; 2) g′(x) 6= 0 ïðè âñåõ x ∈ (a, a+ δ); 3) lim

x→a+0
f(x) =∞,

lim
x→a+0

g(x) = ∞; 4) ñóùåñòâóåò ïðåäåë lim
x→a+0

f ′(x)

g′(x)
= A (A ∈ R èëè A = ∞). Òîãäà

ñóùåñòâóåò è ïðåäåë lim
x→a+0

f(x)

g(x)
= A.

Èç äâóõ ïîñëåäíèõ òåîðåì âûòåêàåò

Ñëåäñòâèå. (Âòîðîå ïðàâèëî Ëîïèòàëÿ). Ïóñòü 1) ôóíêöèè f(x) è g(x) îïðåäåëåíû

è äèôôåðåíöèðóåìû íà ìíîæåñòâå
◦
Bδ(a) äëÿ íåêîòîðîãî δ > 0; 2) g′(x) 6= 0 ïðè âñåõ

x ∈
◦
Bδ(a); 3) lim

x→a
f(x) = ∞, lim

x→a
g(x) = ∞; 4) ñóùåñòâóåò ïðåäåë lim

x→a

f ′(x)

g′(x)
= A (A ∈ R

èëè A =∞). Òîãäà ñóùåñòâóåò è ïðåäåë lim
x→a

f(x)

g(x)
= A.

Çàìå÷àíèå 4. È â ïåðâîì, è âî âòîðîì ïðàâèëàõ Ëîïèòàëÿ ìîæíî çàìåíÿòü óñëîâèÿ
x→ a± 0, x→ a íà óñëîâèÿ x→ ±∞, x→∞: íàïðèìåð,

lim
x→+∞

f(x)

g(x)
=

{
x =

1

t

}
= lim

t→0+0

f(1/t)

g(1/t)
= lim

t→0+0

f ′(1/t)(−1/t2)

g(1/t)(−1/t2)
= lim

t→0+0

f ′(1/t)

g′(1/t)
= lim

x→+∞

f ′(x)

g′(x)
.

Ïðèìåð 5. 1)

lim
x→0

x− sinx

x3
= lim

x→0

1− cosx

3x2
= lim

x→0

sinx

6x
=

1

6
.

2)

lim
x→0+0

xx = lim
x→0+0

ex lnx = e
lim

x→0+0
(x lnx)

= e
lim

x→0+0

ln x
1/x = e

lim
x→0+0

1/x

(−1/x2) = e0 = 1.
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3) Âû÷èñëèì ïðåäåë lim
x→0

x2 sin 1
x

sinx
. Ïðèìåíèì ôîðìàëüíî ïðàâèëî Ëîïèòàëÿ:

lim
x→0

(
x2 sin 1

x

)′
(sinx)′

= lim
x→0

2x sin 1
x
− cos 1

x

cosx
.

Ïðåäåë â ïðàâîé ÷àñòè ïîñëåäíåãî ñîîòíîøåíèÿ íå ñóùåñòâóåò, òàê êàê lim
x→0

2x sin
1

x
= 0,

lim
x→0

cosx = 1, à ôóíêöèÿ cos
1

x
íå èìååò ïðåäåëà â òî÷êå 0. Îäíàêî èñõîäíûé ïðåäåë

ìîæíî âû÷èñëèòü:

lim
x→0

x2 sin 1
x

sinx
= lim

x→0

(
x2 sin 1

x

x
· x

sinx

)
= lim

x→0
x sin

1

x
= 0.

Ïðàâèëî Ëîïèòàëÿ çäåñü íåïðèìåíèìî, ïîñêîëüêó îäíèì èç óñëîâèé òåîðåìû ÿâëÿåòñÿ
ñóùåñòâîâàíèå ïðåäåëà îòíîøåíèÿ ïðîèçâîäíûõ (êîíå÷íîãî èëè áåìêîíå÷íîãî); â äàííîì
ñëó÷àå îí íå ñóùåñòâóåò.

4) Ðàññìîòðèì ôóíêöèè f(x) = 1 + 2x + sin 2x è g(x) = (2x + sin 2x)esinx. Èõ îòíîøå-

íèå ïðåäñòàâëÿåò ñîáîé íåîïðåäåëåííîñòü âèäà
∞
∞

ïðè x → +∞. Ïðèìåíèì ôîðìàëüíî

ïðàâèëî Ëîïèòàëÿ:

lim
x→+∞

f ′(x)

g′(x)
= lim

x→+∞

2 + 2 cos 2x

(2 + 2 cos 2x)esinx + (2x+ sin 2x)esinx cosx
=

= lim
x→+∞

4 cos2 x

esinx(4 cos2 x+ (2x+ sin 2x) cosx)
= lim

x→+∞

4 cosx

esinx(4 cosx+ 2x+ sin 2x)
=

= lim
x→+∞

4 cosx
x

esinx
(
1 + 4 cosx+sin 2x

x

) = 0.

Îäíàêî ïðåäåë lim
x→+∞

f(x)

g(x)
íå ñóùåñòâóåò: ðàññìîòðèì äâå ïîñëåäîâàòåëüíîñòè àðãó-

ìåíòîâ {x′n} = {2πn} è {x′′n} =
{π

2
+ 2πn

}
. Òîãäà x′n → +∞ ïðè n → +∞,

x′′n → +∞ ïðè n → +∞; ïðè ýòîì lim
n→+∞

f(x′n)

g(x′n)
= lim

n→+∞

1 + 4πn

4πn
= 1;

lim
n→+∞

f(x′′n)

g(x′′n)
= lim

n→+∞

1 + π + 4πn

(π + 4πn) · e
=

1

e
.

Ïðàâèëî Ëîïèòàëÿ çäåñü íåïðèìåíèìî, ïîñêîëüêó îäíèì èç óñëîâèé òåîðåìû ÿâëÿåòñÿ
óñëîâèå îòëè÷èÿ îò íóëÿ ïðîèçâîäíîé ôóíêöèè g(x) â íåêîòîðîé îêðåñòíîñòè òî÷êè a;

â äàííîì ñëó÷àå g′(x) îáðàùàåòñÿ â 0 â òî÷êàõ âèäà
π

2
+ πn, êîòîðûå åñòü â ëþáîé

îêðåñòíîñòè òî÷êè +∞.

Ôîðìóëà Òåéëîðà.
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Òåîðåìà 10. (Ôîðìóëà Òåéëîðà). Ïóñòü ôóíêöèÿ y = f(x) (n + 1) ðàç äèôôåðåíöè-
ðóåìà â Bδ(a) äëÿ íåêîòîðîãî δ > 0. Ïóñòü òî÷êà x ∈ Bδ(a), ÷èñëî p > 0 ïðîèçâîëüíî.
Òîãäà ñóùåñòâóåò òàêàÿ òî÷êà ξ, ëåæàùàÿ ìåæäó a è x, ÷òî

f(x) = f(a) +
f ′(a)

1!
(x− a) +

f ′′(a)

2!
(x− a)2 + · · ·+ f (n)(a)

n!
(x− a)n +Rn+1(x), (5)

ãäå

Rn+1(x) =

(
x− a
x− ξ

)p
(x− ξ)n+1

n!p
f (n+1)(ξ). (6)

Îïðåäåëåíèå 5. Ôîðìóëà (5) íàçûâàåòñÿ ôîðìóëîé Òåéëîðà ñ öåíòðîì â òî÷êå a; âû-
ðàæåíèå Rn+1(x) � îñòàòî÷íûì ÷ëåíîì ôîðìóëû Òåéëîðà; îñòàòî÷íûé ÷ëåí âèäà (6) íà-
çûâàåòñÿ îñòàòî÷íûì ÷ëåíîì â îáùåé ôîðìå èëè â ôîðìå Øëåìèëüõà�Ðîøà.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

ϕ(x, a) = f(a) +
f ′(a)

1!
(x− a) +

f ′′(a)

2!
(x− a)2 + · · ·+ f (n)(a)

n!
(x− a)n.

Òîãäà Rn+1(x) = f(x)−ϕ(x, a). Ïóñòü äëÿ îïðåäåëåííîñòè x ∈ (a, a+δ) (ñëó÷àé x ∈ (a−δ, a)
ðàññìàòðèâàåòñÿ àíàëîãè÷íî). Ââåäåì âñïîìîãàòåëüíóþ ôóíêöèþ

ψ(t) = f(x)− ϕ(x, t)− (x− t)pQ(x), a 6 t 6 x,

ãäå Q(x) =
Rn+1(x)

(x− a)p
. Òàê êàê ϕ(x, t) = f(t)+ f ′(t)

1!
(x−t)+ f ′′(t)

2!
(x−t)2+· · ·+ f (n)(t)

n!
(x−t)n, à âñå

ôóíêöèè f (k)(t), k = 1, . . . , n äèôôåðåíöèðóåìû íà ïðîìåæóòêå [a, a+ δ) ïî êðàéíåé ìåðå
îäèí ðàç, òî ìîæåì óòâåðæäàòü, ÷òî ôóíêöèÿ ψ(t) íåïðåðûâíà è äèôôåðåíöèðóåìà íà
ñåãìåíòå [a, x] (êàê êîìïîçèöèÿ äèôôåðåíöèðóåìûõ ôóíêöèé è ìíîãî÷ëåíîâ). Êðîìå òîãî,
ψ(a) = f(x)−ϕ(x, a)−Rn+1(x) = 0; ψ(x) = f(x)−ϕ(x, x) = f(x)−f(x) = 0. Ñëåäîâàòåëüíî,
ñóùåñòâóåò òàêàÿ òî÷êà ξ ∈ (a, x), ÷òî ψ′(ξ) = 0 (òåîðåìà Ðîëëÿ). Âû÷èñëèì ψ′(ξ):

ψ′(ξ) = −(ϕ′(x, t))|t=ξ+p(x−ξ)p−1Q(x) = −
(
f ′(ξ)− f ′(ξ)

1!
+
f ′′(ξ)

1!
(x− ξ)− f ′′(ξ)

2!
· 2(x− ξ)+

+
f ′′′(ξ)

2!
(x− ξ)2 − f ′′′(ξ)

3!
· 3(x− ξ)2 + · · ·+ f (n)(ξ)

(n− 1)!
(x− ξ)n−1 − f (n)(ξ)

n!
· n(x− ξ)n−1+

+
f (n+1)(ξ)

n!
(x− ξ)n

)
+ p(x− ξ)p−1Q(x) = −f

(n+1)(ξ)

n!
(x− ξ)n + p(x− ξ)p−1Q(x).

Òàê êàê ψ′(ξ) = 0, òî ïîëó÷àåì, ÷òî Q(x) =
f (n+1)(ξ)

n!p
· (x− ξ)n

(x− ξ)p−1
. Îòñþäà ñëåäóåò, ÷òî

Rn+1(x) = Q(x)(x− a)p =
f (n+1)(ξ)

n!p
·
(
x− a
x− ξ

)p
(x− ξ)n+1.
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Îïðåäåëåíèå 6. Ìíîãî÷ëåí ϕn(x, a) = f(a)+ f ′(a)
1!

(x−a)+ f ′′(a)
2!

(x−a)2 + · · ·+ f (n)(a)
n!

(x−a)n

íàçûâàåòñÿ ìíîãî÷ëåíîì Òåéëîðà ñòåïåíè n ôóíêöèè f(x) â òî÷êå a.

Çàìå÷àíèå 5. 1) Ïóñòü ôóíêöèÿ y = f(x) n ðàç äèôôåðåíöèðóåìà â òî÷êå a. Òîãäà

ϕn(a, a) = f(a), ϕ′n(a, a) = f ′(a), . . . , ϕ(n)(a, a) = f (n)(a). (7)

2) Åñëè f(x) = P (x) � ìíîãî÷ëåí ñòåïåíè n, òî P (n+1) ≡ 0 è ôîðìóëà (5) èìååò âèä

P (x) =
n∑
k=0

P (k)(a)

k!
(x− a)k � ôîðìóëà Òåéëîðà äëÿ ìíîãî÷ëåíîâ.

Ñëåäñòâèå 1. (Îñòàòî÷íûé ÷ëåí â ôîðìå Ëàãðàíæà). Ïóñòü ôóíêöèÿ y = f(x)
(n + 1) ðàç äèôôåðåíöèðóåìà â δ−îêðåñòíîñòè òî÷êè a äëÿ íåêîòîðîãî δ > 0; òî÷êà
x ∈ Bδ(a). Òîãäà ñóùåñòâóåò òàêîå ÷èñëî θ1 ∈ (0, 1), ÷òî f(x) = ϕn(x, a) +Rn+1(x), ãäå

Rn+1(x) =
(x− a)n+1

(n+ 1)!
f (n+1)(a+ θ1(x− a)).

Äîêàçàòåëüñòâî. Ïîëîæèì â òåîðåìå p = n+ 1. Òîãäà ôîðìóëà (6) ïðèìåò âèä:

Rn+1(x) =

(
x− a
x− ξ

)n+1

· (x− ξ)n+1

n!(n+ 1)
f (n+1)(ξ) =

(x− a)n+1

(n+ 1)!
f (n+1)(a+ θ1(x− a)),

ãäå a+ θ1(x− a) = ξ. Òàê êàê òî÷êà ξ ëåæèò ìåæäó a è x, òî θ1 ∈ (0, 1).

Ñëåäñòâèå 2. (Îñòàòî÷íûé ÷ëåí â ôîðìå Êîøè). Ïóñòü ôóíêöèÿ y = f(x) (n + 1)
ðàç äèôôåðåíöèðóåìà â δ−îêðåñòíîñòè òî÷êè a äëÿ íåêîòîðîãî δ > 0; òî÷êà x ∈ Bδ(a).
Òîãäà ñóùåñòâóåò òàêîå ÷èñëî θ2 ∈ (0, 1), ÷òî f(x) = ϕn(x, a) +Rn+1(x), ãäå

Rn+1(x) =
(x− a)n+1(1− θ2)n

n!
f (n+1)(a+ θ2(x− a)).

Äîêàçàòåëüñòâî. Ïîëîæèì â òåîðåìå p = 1. Òîãäà ôîðìóëà (6) ïðèìåò âèä:

Rn+1(x) =

(
x− a
x− ξ

)
· (x− ξ)

n+1

n!
f (n+1)(ξ) = (x−a)

(x− (a+ θ2(x− a)))n

n!
f (n+1)(a+θ2(x−a)) =

=
(x− a)n+1(1− θ2)n

n!
f (n+1)(a+ θ2(x− a)),

ãäå a+ θ2(x− a) = ξ. Òàê êàê òî÷êà ξ ëåæèò ìåæäó a è x, òî θ2 ∈ (0, 1).

Çàìå÷àíèå 6. Ïîñêîëüêó òî÷êà ξ â òåîðåìå çàâèñèò îò âûáîðà ÷èñëà p, à ýòî ÷èñëî â
ñëåäñòâèÿõ 1 è 2 âûáèðàåòñÿ ðàçëè÷íûì, òî, âîîáùå ãîâîðÿ, θ1 6= θ2.
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Òåîðåìà 11. (Ôîðìóëà Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ïåàíî). Ïóñòü
ôóíêöèÿ y = f(x) (n−1) ðàç äèôôåðåíöèðóåìà â δ−îêðåñòíîñòè òî÷êè a äëÿ íåêîòîðîãî
δ > 0 è n ðàç äèôôåðåíöèðóåìà â ñàìîé òî÷êå a. Ïóñòü x ∈ Bδ(a). Òîãäà

f(x) = f(a) +
f ′(a)

1!
(x− a) +

f ′′(a)

2!
(x− a)2 + · · ·+ f (n)(a)

n!
(x− a)n + ō((x− a)n), x→ a.

Äîêàçàòåëüñòâî. Ïóñòü Rn+1(x) = f(x) − ϕn(x, a). Äîêàæåì, ÷òî Rn+1(x) = ō((x − a)n),
x→ a. Âîñïîëüçóåìñÿ ôîðìóëàìè (7):

Rn+1(a) = f(a)− ϕn(a, a) = 0, R′n+1(a) = f ′(a)− ϕ′n(a, a) = 0, . . .

. . . , R
(n)
n+1(a) = f (n)(a)− ϕ(n)

n (a, a) = 0.

Âû÷èñëèì ïðåäåë lim
x→a

Rn+1(x)

(x− a)n
, ïðèìåíÿÿ ïðàâèëî Ëîïèòàëÿ n− 1 ðàç:

lim
x→a

Rn+1(x)

(x− a)n
= lim

x→a

R′n+1(x)

n(x− a)n
= lim

x→a

R′′n+1(x)

n(n− 1)(x− a)n
= · · · = lim

x→a

R
(n−1)
n+1 (x)

n!(x− a)n

Ïîñëåäíåå âûðàæåíèå ïî-ïðåæíåìó ïðåäñòàâëÿåò ñîáîé íåîïðåäåëåííîñòü âèäà
0

0
, íî ïðè-

ìåíÿòü ïðàâèëî Ëîïèòàëÿ óæå íå ìîæåì: ôóíêöèÿ R
(n−1)
n+1 (x) óæå, âîîáùå ãîâîðÿ, íå äèô-

ôåðåíöèðóåìà â îêðåñòíîñòè òî÷êè a, à òîëüêî â ñàìîé òî÷êå. Âû÷èñëèì ïîñëåäíèé ïðåäåë
äðóãèì ñïîñîáîì (âîñïîëüçóåìñÿ ïðè ýòîì òåì, ÷òî R

(n−1)
n+1 (a) = 0):

lim
x→a

R
(n−1)
n+1 (x)

n!(x− a)n
= lim

x→a

R
(n−1)
n+1 (x)−R(n−1)

n+1 (a)

n!(x− a)n
=

1

n!

(
R

(n−1)
n+1 (x)

)′
|x=a =

1

n!
R

(n)
n+1(a) = 0.

Ïîëó÷èëè, ÷òî lim
x→a

Rn+1(x)

(x− a)n
= 0, òî åñòü äåéñòâèòåëüíî Rn+1(x) = ō((x−a)n) ïðè x→ a.

Ñëåäñòâèå. Ïóñòü ôóíêöèÿ y = f(x) n ðàç äèôôåðåíöèðóåìà â δ−îêðåñòíîñòè òî÷êè a
äëÿ íåêîòîðîãî δ > 0 è (n + 1) ðàç äèôôåðåíöèðóåìà â ñàìîé òî÷êå a. Òîãäà äëÿ ëþáîãî
x ∈ Bδ(a) âåðíî:

f(x) = ϕn(x, a) +O((x− a)n+1), x→ a.

Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèÿ f(x) (n+ 1) ðàç äèôôåðåíöèðóåìà â òî÷êå a è n ðàç �
â Bδ(a). Òîãäà äëÿ ëþáîé òî÷êè x ∈ Bδ(a):

f(x) = f(a) +
f ′(a)

1!
(x− a) + · · ·+ f (n)(a)

n!
(x− a)n +

f (n+1)(a)

(n+ 1)!
(x− a)n+1 + ō((x− a)n+1) =

= f(a) +
f ′(a)

1!
(x− a) + · · ·+ f (n)(a)

n!
(x− a)n + (x− a)n+1

(
f (n+1)(a)

(n+ 1)!
+ ō(1)

)
=

= f(a) +
f ′(a)

1!
(x− a) + · · ·+ f (n)(a)

n!
(x− a)n + (x− a)n+1 ·O(1), x→ a.
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Îïðåäåëåíèå 7. Ôîðìóëîé Ìàêëîðåíà íàçûâàåòñÿ ôîðìóëà Òåéëîðà ñ öåíòðîì â òî÷êå
a = 0, òî åñòü ôîðìóëà

f(x) = f(0) +
f ′(0)

1!
x+

f ′′(0)

2!
x2 + ·+ f (n)(0)

n!
xn +Rn+1(x),

ãäå Rn+1(x) ìîæåò èìåòü âèä:

1) Rn+1(x) =
xn+1

(n+ 1)!
f (n+1)(θ1x), 0 < θ1 < 1 � ôîðìà Ëàãðàíæà;

2) Rn+1(x) =
xn+1(1− θ2)n

n!
f (n+1)(θ2x), 0 < θ2 < 1 � ôîðìà Êîøè;

3) Rn+1(x) = ō(xn), x→ 0 � ôîðìà Ïåàíî.

Çàìå÷àíèå 7. Åñëè ïðè âñåõ x ∈ Bδ(0) ñóùåñòâóåò f (n)(x) äëÿ ëþáîãî n ∈ N, òî ãîâî-
ðÿò, ÷òî f(x) áåñêîíå÷íî äèôôåðåíöèðóåìà â Bδ(0). Åñëè ê òîìó æå ñóùåñòâóåò òàêàÿ
ïîñòîÿííàÿ M > 0, ÷òî |f (n)(x)| 6 M ïðè âñåõ x ∈ Bδ(0) è ïðè âñåõ n ∈ N, òî ìîæåì
îöåíèòü îñòàòîê Rn+1(x):

|Rn+1(x)| =
∣∣∣∣ xn+1

(n+ 1)!
f (n+1)(θ1x)

∣∣∣∣ 6 Mδn+1

(n+ 1)!
∀n ∈ N ∀x ∈ Bδ(0).

Ðàçëîæåíèå ïî ôîðìóëå Òåéëîðà íåêîòîðûõ ýëåìåíòàðíûõ ôóíêöèé.

I. f(x) = ex. Ïîñêîëüêó f (n)(x) = ex äëÿ ëþáîãî n ∈ N , òî f (n)(0) = 1. Ñëåäîâàòåëüíî,

ex = 1 +
x

1!
+
x2

2!
+ · · ·+ xn

n!
+Rn+1(x),

ãäå Rn+1(x) =
xn+1

(n+ 1)!
eθ1x, 0 < θ1 < 1.

Åñëè |x| 6 a, a > 0, òî |Rn+1(x)| 6 an+1ea

(n+ 1)!
→ 0 ïðè n→ +∞.

II. f(x) = sinx. Ïîñêîëüêó f (n)(x) = sin
(
x+

πn

2

)
äëÿ ëþáîãî n ∈ N , òî

f (n)(0) = sin
(πn

2

)
=

{
0, n = 2k, k = 1, 2, . . . ,

(−1)k, n = 2k + 1, k = 0, 1, . . .

Ñëåäîâàòåëüíî,

sinx = 1− x3

3!
+
x5

5!
− x7

7!
+ · · ·+ (−1)kx2k+1

(2k + 1)!
+Rn+2(x),

ãäå n = 2k + 1, Rn+2(x) =
xn+2

(n+ 2)!
sin
(
θ1x+ π +

πn

2

)
, 0 < θ1 < 1.

Åñëè |x| 6 a, a > 0, òî |Rn+2(x)| 6 an+2

(n+ 2)!
→ 0 ïðè n→ +∞.
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III. f(x) = cos x. Ïîñêîëüêó f (n)(x) = cos
(
x+

πn

2

)
äëÿ ëþáîãî n ∈ N , òî

f (n)(0) = cos
(πn

2

)
=

{
(−1)k, n = 2k, k = 1, 2, . . . ,

0, n = 2k + 1, k = 0, 1, . . .

Ñëåäîâàòåëüíî,

cosx = 1− x2

2!
+
x4

4!
− x6

6!
+ · · ·+ (−1)kx2k

(2k)!
+Rn+2(x),

ãäå n = 2k, Rn+2(x) =
xn+2

(n+ 2)!
cos
(
θ1x+ π +

πn

2

)
, 0 < θ1 < 1.

Åñëè |x| 6 a, a > 0, òî |Rn+2(x)| 6 an+2

(n+ 2)!
→ 0 ïðè n→ +∞.

IV. f(x) = ln(1 + x), x ∈ (−1, 1]. Ïîñêîëüêó f (n)(x) =
(−1)n−1(n− 1)!

(x+ 1)n
, òî f(0) = 0,

f (n)(0) = (−1)n−1(n− 1)!, n = 1, 2, . . . . Ñëåäîâàòåëüíî,

ln(1 + x) = x− x2

2
+
x3

3
− x4

4
+ · · ·+ (−1)n−1xn

n
+Rn+1(x),

ãäå

Rn+1(x) =
(−1)nxn+1

(n+ 1)(1 + θ1x)n+1
=

(−1)n(1− θ2)nxn+1

(1 + θ2x)n+1
, θ1, θ2 ∈ (0, 1)

(çàïèñàëè îñòàòî÷íûé ÷ëåí â äâóõ ðàçíûõ ôîðìàõ � Ëàãðàíæà è Êîøè).

1) Ïóñòü 0 6 x 6 1. Òîãäà

|Rn+1(x)| = |xn+1|
(n+ 1)|1 + θ1x|n+1

6
1

n+ 1
→ 0, n→ +∞,

ïîñêîëüêó |1 + θ1x|n+1 > 1.

2) Ïóñòü òïåðü −a 6 x < 0, ãäå a ∈ (0, 1). Òîãäà

|Rn+1(x)| = |x
n+1| · |1− θ2|n

|1 + θ2x|n+1
= |x|n+1 ·

∣∣∣∣ 1− θ2

1 + θ2x

∣∣∣∣n · 1

|1 + θ2x|
6

an+1

1− a
→ 0, n→ +∞.

Äåéñòâèòåëüíî, òàê êàê 0 < θ2 < 1, òî 0 6
1− θ2

1 + θ2x
6 1.

Ìû äîêàçàëè, ÷òî Rn+1(x)→ 0 ïðè n→ +∞ äëÿ âñåõ x ∈ (−1, 1].

V. f(x) = (1+x)α, α ∈ R, x ∈ (−1, 1). Ïîñêîëüêó f (n)(x) = α(α−1) . . . (α−n+1)(1+x)α−n,
òî f (n)(0) = α(α− 1) . . . (α− n+ 1). Ñëåäîâàòåëüíî,

(1 + x)α = 1 +
α

1!
x+

α(α− 1)

2!
x2 + . . .

α(α− 1) . . . (α− n+ 1)

n!
xn +Rn+1(x),

ãäå

Rn+1(x) =
α(α− 1) . . . (α− n)(1− θ2)n(1 + θ2x)α−n−1

n!
xn+1, 0 < θ2 < 1.
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Ïóñòü |x| 6 a, 0 < a < 1. Ïîêàæåì, ÷òî ñóùåñòâóåò òàêîå íàòóðàëüíîå ÷èñëî N , ÷òî äëÿ
ëþáîãî n > N âûïîëíÿåòñÿ öåïî÷êà íåðàâåíñòâ:

|Rn+1(x)| =
∣∣∣∣α(α− 1) . . . (α− n)

n!

∣∣∣∣ · ∣∣∣∣ 1− θ2

1 + θ2x

∣∣∣∣n · |x|n+1 · |1 + θ2x|α−1 6

6
|α|(|α|+ 1) . . . (|α|+ n)

n!
an+1 max{(1+a)α−1, (1−a)α−1} 6 2(1+n)Nan+1 max{(1+a)α−1, (1−a)α−1}.

Äåéñòâèòåëüíî, ïóñòü N = [|α|] + 1, n > N . Òîãäà

|α|(|α|+ 1) . . . (|α|+ n)

n!
6
N(N + 1) . . . (N + n)

n!
=

(n+ 1) · · · · · (n+N)

1 · 2 · · · · · (N − 1)
=

= (n+ 1)

(
n+ 2

2

)
·
(
n+ 3

3

)
. . .

(
n+N − 1

N − 1

)
(n+N) =

= (1 + n) ·
(

1 +
n

2

)
. . .

(
1 +

n

N − 1

)
· (1 + n) ·

(
n+N

n+ 1

)
6

6 (1 + n)N ·
(

1 +
N − 1

n+ 1

)
6 2(1 + n)N .

Òàê êàê 0 < a < 1, òî âûðàæåíèå (1 + n)Nan+1 ñòðåìèòñÿ ê íóëþ ïðè n → +∞. Çíà÷èò,
Rn+1(x)→ 0, n→ +∞ ïðè âñåõ x ∈ (−1, 1).

VI. f(x) = arctg x, x ∈ [−1, 1]. Ïîñêîëüêó f (n)(x) =
(n− 1)!

(1 + x2)n/2
sin
(
n
(

arctg x+
π

2

))
, òî

f (n)(0) = (n− 1)! sin
(πn

2

)
=

{
0, n = 2k, k = 1, 2, . . . ,

(−1)k(2k)!, n = 2k + 1, k = 0, 1, . . . .

Ñëåäîâàòåëüíî,

arctg x = x− x3

3
+
x5

5
− x7

7
+ · · ·+ (−1)kx2k+1

2k + 1
+Rn+2(x),

ãäå n = 2k + 1,

|Rn+2(x)| =

∣∣∣∣∣(n+ 1)! sin
(
(n+ 2)

(
arctg θ1x+ π

2

))
xn+2

(1 + θ2
1x

2)
n+2
2 · (n+ 2)!

∣∣∣∣∣ 6 |x|n+2

|1 + θ2
1x

2|n2 +1(n+ 2)
6
|x|n+2

n+ 2
.

Ïóñòü |x| 6 a, a ∈ [0, 1], òîãäà Rn+2(x) 6
an+2

n+ 2
→ 0 ïðè n → +∞. Çíà÷èò, Rn+2(x) → 0

ïðè âñåõ x ∈ [−1, 1].

Ïðèëîæåíèÿ ôîðìóëû Òåéëîðà.

1. Èððàöèîíàëüíîñòü ÷èñëà e.
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Ïîêàæåì, ÷òî ÷èñëî e íå ÿâëÿåòñÿ ðàöèîíàëüíûì. Ñîãëàñíî ïîëó÷åííîé ôîðìóëå,

e = e1 = 1 +
1

1!
+

1

2!
+ · · ·+ 1

n!
+Rn+1(1), Rn+1(1) =

eθ1

(n+ 1)!
1n+1, 0 < θ1 < 1.

Íàì èçâåñòíî, ÷òî 2 < e < 3, ñëåäîâàòåëüíî, 1 < eθ1 < 3 è
1

(n+ 1)!
< Rn+1(1) <

3

(n+ 1)!
.

Ïðåäïîëîæèì, ÷òî e ðàöèîíàëüíî, òî åñòü e =
p

q
, ãäå q ∈ N, p ∈ Z, ïðè÷åì q > 2

(äåéñòâèòåëüíî, åñëè q = 1, òî e � öåëîå, íî ýòî íå òàê, ïîñêîëüêó 2 < e < 3). Ïîëó÷àåì,
÷òî

p

q
= 1 +

1

1!
+

1

2!
+ · · ·+ 1

q!
+Rq+1(1).

Îòñþäà
p

q
· q! =

(
1 +

1

1!
+

1

2!
+ · · ·+ 1

q!

)
q! +Rq+1(1) · q!,

ñëåäîâàòåëüíî, ÷èñëî Rq+1 · q! ÿâëÿåòñÿ öåëûì. Íî èç íàøèõ îöåíîê ñëåäóåò, ÷òî

0 <
1

q + 1
=

q!

(q + 1)!
< Rq+1(1) <

3q!

(q + 1)!
=

3

q + 1
6 1.

Ìû ïðèøëè ê ïðîòèâîðå÷èþ. Çíà÷èò, íàøå ïðåäïîëîæåíèå íåâåðíî, è ÷èñëî e ÿâëÿåòñÿ
èððàöèîíàëüíûì.

2. Ïðèáëèæåííûå âû÷èñëåíèÿ çíà÷åíèé òðèãîíîìåòðè÷åñêèõ ôóíêöèé.

Çàìåòèì, ÷òî äîñòàòî÷íî íàó÷èòüñÿ âû÷èñëÿòü çíà÷åíèÿ ôóíêöèé sinx è cosx íà ïðîìå-

æóòêàõ 0 6 x 6
π

4
. Çíàÿ èõ è ïðèìåíÿÿ ðàçëè÷íûå òðèãîíîìåòðè÷åñêèå ôîðìóëû, ìîæíî

íàéòè çíà÷åíèå ëþáîé èç òðèãîíîìåòðè÷åñêèõ ôóíêöèé â ëþáîé òî÷êå.

a)

sinx = x− x3

3!
+
x5

5!
− x7

7!
+ · · ·+Rn+2(x),

ïðè÷åì |Rn+2(x)| 6 an+2

(n+ 2)!
, åñëè |x| 6 a. Ïóñòü 0 6 x 6

π

4
. Ïðè n = 5 èìååì:

sinx = x− x3

6
+

x5

120
+R7(x),

ãäå

|R7(x)| 6 (π/4)7

7!
< 10−4.

a)

cosx = 1− x2

2!
+
x4

4!
− x6

6!
+ · · ·+Rn+2(x),

ïðè÷åì |Rn+2(x)| 6 an+2

(n+ 2)!
, åñëè |x| 6 a. Ïóñòü 0 6 x 6

π

4
. Ïðè n = 6 èìååì:

cosx = 1− x2

2
+
x4

24
− x6

720
+R8(x),
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ãäå

|R8(x)| 6 (π/4)8

8!
< 10−5.

3. Âû÷èñëåíèå ïðåäåëîâ.

Âûïèøåì ôîðìóëû Ìàêëîðåíà ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ïåàíî äëÿ íåêîòîðûõ
ýëåìåíòàðíûõ ôóíêöèé:

ex = 1 + x+
x2

2!
+ · · ·+ xn

n!
+ ō(xn), x→ 0;

sinx = x− x3

3!
+
x5

5!
− x7

7!
+ · · ·+ (−1)nx2n+1

(2n+ 1)!
+ ō(x2n+2), x→ 0;

cosx = 1− x2

2!
+
x4

4!
− x6

6!
+ · · ·+ (−1)nx2n

(2n)!
+ ō(x2n+1), x→ 0;

ln(1 + x) = x− x2

2
+
x3

3
− x4

4
+ · · ·+ (−1)n−1xn

n
+ ō(xn), x→ 0;

(1 + x)α = 1 + αx+
α(α− 1)

2!
x2 + · · ·+ α(α− 1) . . . (α− n+ 1)

n!
xn + ō(xn), x→ 0;

arctg x = x− x3

3
+
x5

5
− x7

7
+ · · ·+ (−1)nx2n+1

2n+ 1
+ ō(x2n+2), x→ 0.

Ôîðìóëû òàêîãî âèäà (îïèñûâàþùèå ïîâåäåíèå ôóíêöèè f(x) ïðè x→ a) íàçûâàþòñÿ
àñèìïòîòè÷åñêèìè.

1)

lim
x→0

x− sinx

x3
= lim

x→0

x−
(
x− x3

3!
+ ō(x4)

)
x3

= lim
x→0

(
1

6
+ ō(x)

)
=

1

6
.

2)

lim
x→0

√
cosx− 4

√
e−x2

x4
= lim

x→0

(
1− x2

2
+ x4

24
+ ō(x5)

)1/2

−
(

1− x2 + x4

2
+ ō(x4)

)1/4

x4
=

= lim
x→0

1 + 1
2

(
−x2

2
+ x4

24

)
− 1

8

(
−x2

2
+ x4

24

)2

−
(

1 + 1
4

(
−x2 + x4

2

)
− 3

32

(
−x2 + x4

2

)2
)

+ ō(x4)

x4
=

= lim
x→0

1− x2

4
+ x4

48
− x4

32
−
(

1− x2

4
+ x4

8
− 3x4

32

)
+ ō(x4)

x4
= lim

x→0

(
1

48
− 1

32
− 1

8
+

3

32
+ ō(1)

)
= − 1

24
.

3)

lim
x→0

(1 + x2)
1
x

+5 − ex

ln(cosx)
= lim

x→0

e(
1
x

+5) ln(1+x2) − ex

ln
(
1− x2

2
+ ō(x3)

) = lim
x→0

e(
1
x

+5)
(
x2−x4

2
+ō(x4)

)
− ex

−x2

2
+ ō(x3) + ō(x2)

=
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= lim
x→0

ex+5x2+ō(x2) − ex

−x2

2
+ ō(x2)

= lim
x→0

1 + x+ 5x2 + 1
2
(x+ 5x2)2 −

(
1 + x+ x2

2

)
+ ō(x2)

−x2

2
+ ō(x2)

=

= lim
x→0

5 + 1
2
− 1

2
+ ō(1)

−1
2

+ ō(1)
= −10.

4)

lim
x→∞

(
2x4 ln

(
1− 1

x

)
+

3
√

8x9 + 12x8 + 14x7 + 15x6 + 16x5

)
=

= lim
x→∞

(
2x4

(
−1

x
− 1

2x2
− 1

3x3
− 1

4x4
+ ō

(
1

x4

))
+ 2x3

(
1 +

3

2x
+

7

4x2
+

15

8x3
+

2

x4

)1/3
)

=

= lim
x→∞

(
−2x3 − x2 − 2

3
x− 1

2
+ ō(1)+

+2x3

(
1 +

1

3

(
3

2x
+

7

4x2
+

15

8x3

)
− 2

18

(
3

2x
+

7

4x2

)2

+
10

162

(
3

2x

)3
))

=

= lim
x→∞

(
−2x

3
− 1

2
+

7x

6
+

5

4
− x

2
− 7

6
+

5

12
+ ō(1)

)
= 0.

Óïðàæíåíèå 1. * Ïóñòü xn = ctg xn, ïðè÷åì xn ∈ (πn, π + πn). Äîêàçàòü, ÷òî

xn = πn+
1

πn
+O

(
1

n3

)
, n→ +∞.
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